A Cohomology Theory for Planar Trivalent Graphs with Perfect Matchings by Baldridge, Scott
ar
X
iv
:1
81
0.
07
30
2v
2 
 [m
ath
.G
T]
  2
8 D
ec
 20
18
A COHOMOLOGY THEORY FOR PLANAR TRIVALENT GRAPHS WITH
PERFECT MATCHINGS
SCOTT BALDRIDGE
Abstract. In this paper, we prove a new cohomology theory that is an invariant of a planar
trivalent graph with a given perfect matching. This bigraded cohomology theory appears to be
very powerful: the graded Euler characteristic of the cohomology is a one variable polynomial
(called the 2-factor polynomial) that, if nonzero when evaluated at one, implies that the perfect
matching is even. This polynomial can be used to construct a polynomial invariant of the graph
called the Tait polynomial. We conjecture that the Tait polynomial is positive when evaluated at
one for all bridgeless planar trivalent graphs. This conjecture, if true, implies the existence of an
even perfect matching for the graph, and thus the trivalent planar graph is 3-edge-colorable. This is
equivalent to the four color theorem—a famous conjecture in mathematics that was proven with the
aid of a computer in the 1970s. While these polynomial invariants may not have enough strength
as invariants to prove such a conjecture directly, it is hoped that the strictly stronger cohomology
theory developed in this paper will shed light on these types of problems.
1. Introduction
We prove a new cohomology theory for planar trivalent graphs with perfect matchings:
Theorem 1. Every planar trivalent graph G with a perfect matching M has an associated bigraded
cohomology H i,j(G,M) that is an invariant of the graph and perfect matching: If Γ and Γ′ are two
perfect matching drawings of (G,M) related by a sequence of flip moves and local isotopy, then
H i,j(Γ) ∼= H i,j(Γ′) for all i, j.
This cohomology categorifies the 2-factor polynomial 〈G:M〉2 of the pair (G,M) in that the graded
Euler characteristic of the cohomology is
〈G:M〉2(q) =
∑
i∈Z
(−1)iqdim(H i,∗(G,M)).
This story begins with a Kauffman-like bracket for planar trivalent graphs G with a perfect
matching M . Let Γ be a perfect matching drawing of the pair (G,M) (cf. definitions in Section 2).
Define the 2-factor bracket of the perfect matching drawing, written 〈Γ〉2, as the Laurent polynomial
in variable z calculated recursively on (immersed) perfect matching drawings by:
〈 〉
2
=
〈 〉
2
− z
〈 〉
2
(1.1) 〈
©
〉
2
= (z−1 + z)(1.2) 〈
G1 ⊔G2
〉
2
=
〈
G1
〉
2
·
〈
G2
〉
2
(1.3)
1
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The bold edge in Equation 1.1 above represents an edge in the perfect matching M , and © in
Equation 1.2 represents any immersed circle (with no vertices). The bracket should only be applied
to edges that are in the perfect matching. Note: Other brackets exist (like the Penrose Bracket)
that can be applied to any edge in the graph to reduce the number of vertices. But as we will see,
applying the bracket only to perfect matching edges is the key to generating a polynomial that is
an invariant of the graph and its perfect matching.
In this paper, in Theorem 3.1, we prove that the 2-factor bracket is independent of the perfect
matching drawing Γ of (G,M), i.e., it is an invariant of the pair (G,M). Define the 2-factor
polynomial 〈G:M〉2 to be the 2-factor bracket of any perfect matching drawing of (G,M):
〈G:M〉2(z) = 〈Γ〉2(z).
The 2-factor polynomial is easy to calculate from a perfect matching drawing. For example, the
2-factor polynomial of the theta graph θ is:
〈 〉
2
=
〈 〉
2
− z
〈 〉
2
= (z−1 + z)2 − z(z−1 + z)
= z−2 + 1.
Similarly, 2-factor polynomial of the dumbbell graph is:
〈 〉
2
=
〈 〉
2
− z
〈 〉
2
= (z−1 + z)− z(z−1 + z)
= z−1 − 1 + z − z2.
Since it is known that the number of perfect matchings of planar trivalent graphs grows exponen-
tially with the number of vertices in a graph [10], the 2-factor polynomial can be used to distinguish
these perfect matchings. In the case where there is only one perfect matching for a graph up to
isomorphism (see Section 9), like in the case of the theta and dumbbell graphs above, it is an
invariant of the graph itself. Therefore, even though it is obvious for other reasons, θ 6∼=©−©.
We also suspect that the 2-factor polynomial can be used to count the 2-factors that span
the perfect matching—hence the reason for the name of the polynomial. To describe this count
precisely, we need to define when a k-factor “factors through” an ℓ-factor for 0 ≤ ℓ ≤ k.1 First,
recall the definition of a k-factor: A k-factor of a graph G is a spanning k-regular subgraph of G.
For example, given an n-regular graph, the vertex set V (G) is always a 0-factor, a perfect matching
M is 1-factor, and the graph itself is an n-factor. (Here and below, when we think of M as a
1-factor, we include the vertices, i.e., (V (G),M). We call this graph M when the context is clear.)
A 2-factor is a set of disjoint cycles that spans the graph.
Definition 1.1. Given an n-regular graph G and an ℓ-factor M of G, then a k-factor K factors
through M if M is a subgraph of K. Denote the set of all k-factors of G that factor through M by
1To the best of my knowledge, this idea is new in graph theory.
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[G:M ]. For a specific k, denote the set of all k-factors of G that factor through M by [G:M ]k, and
denote the number of elements of [G:M ]k by |G:M |k.
For example, |G:V (G)|1 counts the number of perfect matchings of G and |G:V (G)|2 counts the
number of 2-factors of G. In general, for a given ℓ-factor M , |G:M |k is difficult to calculate. In
particular, for a planar trivalent graph G and a perfect matching M of G, we are interested in
|G:M |2—the number of 2-factors of G that factor through M . We claim:
Conjecture 1.2. Let G be a connected, planar trivalent graph with perfect matching M . Then
evaluating the 2-factor polynomial at 1 counts the number of elements of [G:M ]2, i.e.,
〈G:M〉2(1) = |G:M |2.
This conjecture was proven in [3] after this paper was completed but before it was published.
Checking the conjecture for the theta graph and dumbbell is easy. The theta graph has exactly
two 2-factors that factor through the perfect matching edge (given by the perfect matching edge
and one of the other edges), and the dumbbell has no 2-factors. Evaluating the polynomials for
the theta graph and dumbbell graph at 1 gives
〈θ:Mθ〉2(1) = 2 and 〈 ©−© :M1〉2(1) = 0.
In fact, it is easy to show that if G has a bridge, then for all perfect matchings M ,
〈G:M〉2(1) = 0,
(by applying Lemma 2.5 to Theorem 3.1). The conjecture is true for entire families of theta graphs
and dumbbell graphs: Define the m-theta graph θm and the m-dumbbell graph Dm together with
perfect matchings as shown in Figure 1
PSfrag replacements
. . . m . . . m
(θm,Mθ) (Dm,Mm)
Figure 1. The θm graph and Dm graphs with perfect matchings shown with bold edges.
such that theta graph is θ = θ1 and dumbbell graph is ©−© = D1. The perfect matching for Dm
is unique for each m (cf. Lemma 2.5 below), but there are many other perfect matchings for θm
in general. Calculating the 2-factor polynomial for both graphs and their perfect matchings, and
using the binomial theorem to simplify, we get:
Proposition 1.3. For m ≥ 1,
〈θm:Mθ〉2(z) = z
−1−m + z1−m,
〈Dm:Mm〉2(z) = (z
−1 + z)(1 − z)m.
The two 2-factors of θm that factor through Mθ are:
[θm:Mθ]2 =
{PSfrag replacements
. . . ,
PSfrag replacements
. . .
∣∣∣m odd} or [θm:Mθ]2 = {PSfrag replacements . . . ,PSfrag replacements . . . ∣∣∣ m even}
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Because Dm has a bridge, there are no 2-factors of Dm. Likewise, evaluating the corresponding 2-
factor polynomials above at 1 give the same counts for each graph family, supporting the conjecture.
We can also test the conjecture on m-prisms2 Pmwith the given perfect matching L:
PSfrag replacements
(P3, L) (P4, L) (Pm, L)
m
The 2-factor polynomial for the m-prism is:
Proposition 1.4. For m ≥ 2, the 2-factor polynomial of the m-prism Pm with perfect matching L
is:
〈Pm:L〉2(z) = z
−m + zm−2 + zm + zm+2 if m is even,
〈Pm:L〉2(z) = z
−m − zm−1 + zm − zm+1 if m is odd.
If you work out [P3:L]2 you will see that, while there are 2-factors for P3, there are no 2-factors
that factor through L. Similarly, if you work out [P4:L]2, you will find four 2-factors that factor
through L. The exact same argument holds for general m.
Interestingly, Pm is bridgeless, and yet 〈Pm:L〉2(1) = 0 for all m odd. Hence the 2-factor poly-
nomial does not detect bridges. However, if the conjecture holds, it should detect the existence
of a particular 2-factor with only even cycles (i.e., cycles with an even number of edges). Here is
why: If we remove the perfect matching edges M from the graph G, the graph G(V,E \M) is a
set of disjoint cycles in the plane. Every 2-factor that enters one of these cycles through a perfect
matching edge must leave that cycle through a different perfect matching edge, i.e., any 2-factor
that factors through the 1-factor M will use an even number vertices of that cycle. Hence, if there
is a cycle in G(V,E \M) with an odd number of vertices, there can not be any 2-factors that factor
through the 1-factor M (the graph P3 with L is just such an example). Thus, if the conjecture is
true, then the 2-factor polynomial must be zero for such a pair (G,M) when evaluated at 1.
This fact is indeed true, and it represents a significant step in proving Conjecture 1.2:
Theorem 1.5 (Baldridge-Lowrance-McCarty [3]). Let G be a planar trivalent graph with perfect
matching M . If any of the cycles in G(V,E \M) have an odd number of edges, then the 2-factor
polynomial for (G,M) satisfies
〈G:M〉2(1) = 0.
In particular, if 〈G:M〉2(1) 6= 0 for the pair (G,M), then M is an even perfect matching of G.
Even perfect matchings are interesting on their own: A planar trivalent graph with an even
perfect matching is 3-edge colorable (cf. [17]), which implies that its faces are 4-colorable. Hence, a
non-computer-aided proof of the four color theorem [1, 36] (see also [7, 19]) is equivalent to proving:
Conjecture 1.6 (The 2-Factor Polynomial Conjecture). Let G be a connected planar trivalent
graph. If G is bridgeless, then there exists a perfect matching M of G such that 2-factor polynomial
of (G,M) satisfies 〈G:M〉2(1) > 0.
2
m-prisms are also called circular ladders. Here the perfect matching L is given by the rungs of the ladder.
